Effects of Two Successive Parity-Invariant Point Interactions on
  One-Dimensional Quantum Transmission: Resonance Conditions for the Parameter
  Space by Konno, Kohkichi et al.
ar
X
iv
:1
60
5.
05
41
8v
3 
 [q
ua
nt-
ph
]  
5 S
ep
 20
16
Effects of Two Successive Parity-Invariant Point Interactions on One-Dimensional
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Abstract
We consider the scattering of a quantum particle by two independent, successive parity-invariant point interactions in one dimension.
The parameter space for the two point interactions is given by the direct product of two tori, which is described by four parameters.
By investigating the effects of the two point interactions on the transmission probability of plane wave, we obtain the conditions
for the parameter space under which perfect resonant transmission occur. The resonance conditions are found to be described by
symmetric and anti-symmetric relations between the parameters.
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1. Introduction
The existence of various non-trivial junction conditions for
a point interaction in one-dimensional quantum systems is an
intriguing aspect in quantum mechanics. The property of the
junction conditions was fully revealed by the mathematical
works [1, 2, 3, 4] and has also been pointed out by a num-
ber of research [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24, 25] on one-dimensional quantum
systems with potential barriers made of the Dirac delta func-
tion and its (higher) derivatives (see [26] for a new approach
based on the integral form). The point interaction in one-
dimensional quantum systems has a relatively large parame-
ter space, in comparison with those in higher dimensions. It
has been known that the parameter space in one dimension
is characterized by U(2), while those in two dimensions and
three dimensions are characterized by U(1). Several authors
[27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] reported that the
interesting characteristics of supersymmetry, geometric phase,
anholonomy, duality, and so on appear owing to the large pa-
rameter space for the junction conditions in one dimension.
These previous works placed a special emphasis relatively on
bound states in one-dimensional systems. Thus, we now con-
sider the scattering of a quantum particle by point interactions
in one dimension. The essential properties of the scattering by a
single point interaction were discussed in [4, 29]. Furthermore,
it was shown in [38] that the quantum transmission through ar-
bitrarily located N point interactions that have scale invariance
exhibits random quantum dynamics. In this paper, focusing on
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quantum resonance, we investigate the occurrence of resonant
transmission through two independent, successive point inter-
actions.
As for the resonant tunneling, it is remarkable that a prop-
erty inherent in quantum mechanics plays a crucial role in this
phenomena. Since the leading work in [39], the basic features
had been investigated theoretically [40, 41] and experimentally
[42]. These studies have motivated various subsequent works;
realistic effects on the resonant tunneling were discussed in
[43, 44, 45, 46, 47, 48, 49], and some different theoretical meth-
ods which can deal with an arbitrary finite periodic potential
were developed in [50, 51, 52, 53, 54, 55]. Furthermore, the res-
onant tunneling is still an active area of research for the applica-
tions to high-frequency oscillators in recent years [56, 57, 58].
By virtue of recent technology, i.e., nanotechnology, the mi-
crofabrication down to the atomic scale becomes possible, and
one-dimensional conductors also become accessible. However,
the effects of the above-mentioned non-trivial junction condi-
tions in one dimensional quantum systems on resonant trans-
mission have not been fully discussed in the literature.
The parameter space for two independent, successive point
interactions in one-dimensional quantum systems is given by
U(2) ⊗ U(2). Thus two point interactions are characterized by
eight parameters. In this paper, we particularly pay our atten-
tion to the important subclass for junction conditions which has
parity invariance and includes typical junction conditions, like
that for a free particle with no interaction, that for a delta func-
tion potential, and that for a epsilon function potential. When
we consider this subclass, the parameter space of each point in-
teraction is given by a torus T 2 = S 1 ⊗ S 1, and thus the param-
eter space of two independent, successive point interactions is
reduced to T 2⊗T 2, which is described by four parameters. Nev-
ertheless, even in this reduced parameter space, whether reso-
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Figure 1: One dimensional space with a point interaction, which is located at
x = 0. The incident wave from the left-hand side is scattered by the point of
x = 0.
nant transmission occurs or not is quite non-trivial. Thus, we
investigate the conditions for the parameter space under which
the resonant transmission occur in one-dimensional quantum
systems with two successive parity-invariant point interactions
This paper is organized as follows. In Sec. 2, we review the
junction conditions for a point interaction in one-dimensional
quantum systems and discuss the scattering of plane wave by a
parity-invariant point interaction. In Sec. 3, we deal with quan-
tum transmission through two different, successive point inter-
actions, and investigate the conditions for the parameter space
under which perfect resonant transmission occur. Finally, we
give concluding remarks in Sec. 4.
2. One-dimensional quantum systems with a parity-
invariant point interaction
2.1. The Schro¨dinger equation and junction conditions
We consider quantum mechanics in one spatial dimension
(say, x-axis) with a point interaction located at the origin (x =
0) (see Fig. 1). The wave function ψ(t, x) is governed by the
Schro¨dinger equation
i~
∂
∂t
ψ (t, x) = − ~
2
2m
∂2
∂x2
ψ (t, x) (x ∈ R\{0}) , (1)
where i, ~ and m denote the imaginary unit, the Plank constant
and the mass of a particle, respectively. The probability current
is expressed as
j(t, x) = ~
2mi
{
ψ∗(t, x) ∂
∂x
ψ(t, x) − ψ(t, x) ∂
∂x
ψ∗(t, x)
}
,
(2)
where (∗) denotes the complex conjugate.
The junction condition at the point interaction is provided by
the conservation of the probability current 1
j(−0) = j(+0), (3)
1This condition is equivalent to that derived from the choice of a self-adjoint
extension of the Hamiltonian. See the comment below Eq. (7).
where +0 and −0 denote the limits to zero from above and be-
low, respectively, and the time variable t is abbreviated from
now on. Substituting Eq. (2) into Eq. (3), we derive
ψ∗(−0)ψ′(−0) − ψ(−0)ψ∗′(−0)
= ψ∗(+0)ψ′(+0) − ψ(+0)ψ∗′(+0), (4)
where the prime (′) denotes the differentiation with respect to
x. When we introduce new vectors as in [4],
Ψ :=
(
ψ(+0)
ψ(−0)
)
, Ψ′ :=
(
ψ′(+0)
−ψ′(−0)
)
, (5)
Eq. (4) can be expressed as
Ψ′†Ψ = Ψ†Ψ′, (6)
where (†) denotes the transpose of the complex conjugate.
Equation (6) is equivalently expressed as∣∣∣Ψ − iL0Ψ′∣∣∣ = ∣∣∣Ψ + iL0Ψ′∣∣∣ (7)
where L0 (∈ R) is an arbitrary nonvanishing constant with the
dimension of length. Thus,Ψ− iL0Ψ′ is connected to Ψ+ iL0Ψ′
via a unitary transformation. Note that the condition (7) was
derived also from the method of a self-adjoint extension of the
Hamiltonian in [59], although the notation is slightly different
from ours. Therefore, we obtain the junction condition [4]
(U − I)Ψ + iL0(U + I)Ψ′ = 0, (8)
where I is the 2 × 2 identity matrix, and U is a 2 × 2 unitary
matrix, i.e., U ∈ U(2).
It is sometimes useful to adopt the following parametrization
for U,
U = eiξIeiζσ1 eiησ2 eiχσ3 , (9)
where σi (i = 1, 2, 3) denotes the Pauli matrices, and
ξ, ζ, η, χ (∈ R) are parameters. For example, when we take
ξ = pi/2, ζ = −pi/2, η = χ = 0, we retrieve a free particle
with no interaction, in which ψ(−0) = ψ(+0), ψ′(−0) = ψ′(+0).
When we take ξ = (θ + pi) /2, ζ = (θ − pi) /2, η = χ = 0, where
θ is a parameter, we can derive a potential made of the Dirac
delta function δ(x).
2.2. Parity-invariant junction conditions
We restrict our attention to the parity-invariant junction con-
ditions.
We now introduce the parity transformationP, which acts on
the wave function as
Pψ(x) = ψ(−x). (10)
Since P2ψ(x) = ψ(x), the eigenvalues of P take ±1. We assume
the eigenstates to be ψ+ and ψ− for the eigenvalues +1 and −1,
respectively, i.e.,
Pψ±(x) = ±ψ±(x). (11)
The eigenstates ψ± are found to be
ψ±(x) = ψ(x) ± ψ(−x)2 . (12)
2
The parity transformations of Ψ and Ψ′ are given, respectively,
by
Ψ
P
−→ σ1Ψ, and Ψ′
P
−→ σ1Ψ
′. (13)
We define the projection operators P± onto the states ψ± as
P± :=
I ± σ1
2
, (14)
so that we have
P+Ψ =
(
ψ+(+0)
ψ+(+0)
)
, P−Ψ =
(
ψ−(+0)
−ψ−(+0)
)
. (15)
These projection operators satisfy the relations
(P±)2 = P±, (16)
P±P∓ = 0, (17)
P+ + P− = I. (18)
The parity transformation of the junction condition (8) becomes
(σ1Uσ1 − I)σ1Ψ + iL0(σ1Uσ1 + I)σ1Ψ′ = 0, (19)
where σ1 is multiplied from the left-hand side. Thus the unitary
matrix U is transformed under the parity transformation as
U
P
−→ σ1Uσ1. (20)
Therefore, the parity invariance imposes the condition 2
σ1Uσ1 = U (21)
on the unitary matrix U for the junction condition.
We can easily show that the unitary matrix Up satisfying the
parity-invariant condition (21) is given by η = χ = 0 for the
parametrization of Eq. (9), i.e.,
Up = eiξIeiζσ1 . (22)
This class of unitary matrices includes the junction condition
for a free particle with no interaction and that for a delta func-
tion potential.
Let us derive the parity-invariant junction conditions for the
wave function explicitly. For our purpose, we rewrite Up in
Eq. (22) as
Up = eiθ+P+ + eiθ−P−, (23)
where we define
θ± := ξ ± ζ. (24)
2 The authors of [59] derived a boundary condition from the method of a
self-adjoint extension in a system of infinitely deep well potential. Their con-
dition can be expressed in our notation as σ1UTσ1 = U , where the superscript
T denotes the transpose. Thus, their boundary condition corresponds to that for
PT (parity and time-reversal) invariance (see also [4]).
These parameters θ± describe a torus T 2 = S 1 ⊗ S 1. Here
we have used Eqs. (14), (16)–(18) and the Baker-Campbell-
Hausdorff relation [60]
eXeY = exp
(
X + Y +
1
2
[X, Y]
+
1
12
([[X, Y] , Y] + [X, [X, Y]]) + · · ·
)
, (25)
where [X, Y] := XY − YX. Substituting Eq. (23) into Eq. (8),
we derive the junction condition(
eiθ+ − 1
)
P+Ψ + iL0
(
eiθ+ + 1
)
P+Ψ
′
+
(
eiθ− − 1
)
P−Ψ + iL0
(
eiθ− + 1
)
P−Ψ
′ = 0. (26)
Here we have
P+Ψ
′ =
(
ψ′+(+0)
ψ′+(+0)
)
, P−Ψ
′ =
(
ψ′−(+0)
−ψ′−(+0)
)
. (27)
The junction condition (26) can be divided into two parts; one is
derived by multiplying Eq. (26) by P+ from the left-hand side,
and the other is derived by multiplying Eq. (26) by P− in the
same way. The resultant equations are(
eiθ+ − 1
)
P+Ψ + iL0
(
eiθ+ + 1
)
P+Ψ
′ = 0, (28)
(
eiθ− − 1
)
P−Ψ + iL0
(
eiθ− + 1
)
P−Ψ
′ = 0. (29)
Substituting Eqs. (15) and (27) into Eqs. (28) and (29), we de-
rive
ψ+(+0) + L(+)ψ′+(+0) = 0, (30)
ψ−(+0) + L(−)ψ′−(+0) = 0, (31)
where L(±) (∈ R) are defined as
L(±) := L0 cot
θ±
2
. (32)
When we use Eq. (12), Eqs. (30) and (31) are expressed as 3
(ψ(+0) + ψ(−0)) + L(+) (ψ′(+0) − ψ′(−0)) = 0, (33)
(ψ(+0) − ψ(−0)) + L(−) (ψ′(+0) + ψ′(−0)) = 0. (34)
Consequently, Eqs. (33) and (34) provide the parity-invariant
junction conditions for the wave function.
We provide characteristic examples for the parity-invariant
junction conditions.
(i) Decoupling boundary conditions (Robin boundary
conditions).— When L(+) = L(−) = L, the junction
conditions (33) and (34) reduce to
ψ(+0) + Lψ′(+0) = 0, (35)
ψ(−0) − Lψ′(−0) = 0. (36)
These leads to j(+0) = j(−0) = 0. Thus, the probability
current vanishes at x = 0. Therefore, the wave function in
x < 0 is completely decoupled from that in x > 0 in this
case.
3 These boundary conditions were also obtained in [61] from the self-adjoint
extension. Equation (18) in [61] under the conditions of X1 = − 2L(+) , X2 = X3 =
0, and X4 = 2L(−) corresponds to our boundary conditions in Eqs. (33) and (34).
3
(ii) Scale-invariant boundary conditions.— The scale-
invariant feature appears in the following cases:
(a) When θ+ = θ− = 0, i.e., L(+) → ∞ (or − ∞) and
L(−) → ∞ (or −∞), we derive
ψ′(+0) = ψ′(−0) = 0. (37)
This is the Neumann boundary condition.
(b) When θ+ = θ− = pi, i.e., L(+) = L(−) = 0, we derive
ψ(+0) = ψ(−0) = 0. (38)
This is the Dirichlet boundary condition.
(c) When θ+ = 0 and θ− = pi, i.e., L(+) → ∞ (or − ∞)
and L(−) = 0, we derive
ψ(+0) = ψ(−0), and ψ′(+0) = ψ′(−0). (39)
This gives a free particle with no interaction.
(d) When θ+ = pi and θ− = 0, i.e., L(+) = 0 and L(−) →
∞ (or −∞), we derive
ψ(+0) = −ψ(−0), and ψ′(+0) = −ψ′(−0). (40)
This induces the phase inversion at the boundary.
(iii) Boundary conditions of the Dirac delta function.— When
θ− = pi, i.e., L(−) = 0, we derive
ψ(+0) = ψ(−0), (41)
and
ψ′(+0) − ψ′(−0) = − 2
L(+)
ψ(+0). (42)
This gives a potential by the Dirac delta function.
2.3. Scattering of plane wave
We discuss the scattering of plane wave approaching from
the region of x < 0 by the point interaction as shown in Fig. 1.
(See also [62], which is an excellent review.) We assume the
wave function as
ψ(x) =
{
eikx + Ae−ikx (x < 0)
Beikx (x > 0) , (43)
where k(> 0) denotes the wave number, and A, B (∈ C) are con-
stants which are determined by the junction conditions. When
we adopt the junction conditions (33) and (34) at x = 0 for the
wave function in Eq. (43), we obtain
A = −
1 + k2L(+)L(−)(
1 + ikL(+)) (1 + ikL(−)) , (44)
B =
ik
(
L(+) − L(−)
)
(
1 + ikL(+)) (1 + ikL(−)) . (45)
Note that the same expressions are obtained when the plane
wave approaches from the region of x > 0. This is the natural
result from the parity invariance. The transmission probability
T1 is calculated as
T1 = |B|2 =
k2
(
L(+) − L(−)
)2
(
1 + k2 (L(+))2) (1 + k2 (L(−))2) . (46)
It is interesting that T1 decreases to zero as k → ∞ in most cases
if L(+) , 0 and L(−) , 0. This fact defies our intuition, because
even a high energy particle could not penetrate the potential
barrier. From the inequality T1 ≤ 1, we also derive(
L(+)L(−)k2 + 1
)2
≥ 0. (47)
Therefore, while the transmission probability T1 completely
vanishes when L(+) = L(−), the perfect transmission (i.e., T1 =
1) occurs when k =
√
−1/
(
L(+)L(−)
)
if L(+)L(−) < 0.
x = 
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Figure 2: One dimensional space with two point interactions, which are located
at x = −a/2 and x = a/2. The incident wave from the left-hand side is scattered
by the points of x = −a/2 and x = a/2.
3. One-dimensional quantum systems with two parity-
invariant point interactions
3.1. Scattering of plane wave by two parity-invariant point in-
teractions
Let us discuss quantum mechanics in one spatial dimension
with two point interactions, which are located at x = −a/2 and
x = a/2 (see Fig. 2). The wave function is assumed to be
ψ(x) =

eikx + Ae−ikx
(
x < −
a
2
)
Beikx +Ce−ikx
(
−
a
2
< x <
a
2
)
Deikx
(
a
2
< x
) , (48)
where A, B,C,D (∈ C) are constants. In the same way as in
Eqs. (33) and (34), the parity-invariant junction conditions at
x = −a/2 and x = a/2 become, respectively,{
ψ
(
−
a
2
+ 0
)
+ ψ
(
−
a
2
− 0
)}
+L(+)1
{
ψ′
(
−
a
2
+ 0
)
− ψ′
(
−
a
2
− 0
)}
= 0, (49)
{
ψ
(
−
a
2
+ 0
)
− ψ
(
−
a
2
− 0
)}
+L(−)1
{
ψ′
(
−
a
2
+ 0
)
+ ψ′
(
−
a
2
− 0
)}
= 0, (50)
and {
ψ
(
a
2
+ 0
)
+ ψ
(
a
2
− 0
)}
+L(+)2
{
ψ′
(
a
2
+ 0
)
− ψ′
(
a
2
− 0
)}
= 0, (51)
{
ψ
(
a
2
+ 0
)
− ψ
(
a
2
− 0
)}
+L(−)2
{
ψ′
(
a
2
+ 0
)
+ ψ′
(
a
2
− 0
)}
= 0. (52)
Here, L(+)1 and L
(−)
1 characterize the junction conditions at x =
−a/2, while L(+)2 and L
(−)
2 characterize those at x = a/2. Solving
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Eqs. (49)–(52) under the assumption of Eq. (48) with respect to
A, B,C and D, we derive
A =
e−ika
∆
{
−
(
1 + ikL(+)2
) (
1 + ikL(−)2
)
×
(
1 + k2L(+)1 L
(−)
1
)
+
(
1 − ikL(+)1
) (
1 − ikL(−)1
)
×
(
1 + k2L(+)2 L
(−)
2
)
e2ika
}
, (53)
B =
ik
∆
(
L(+)1 − L
(−)
1
) (
1 + ikL(+)2
) (
1 + ikL(−)2
)
, (54)
C = − ik
∆
(
L(+)1 − L
(−)
1
) (
1 + k2L(+)2 L
(−)
2
)
eika, (55)
D = −
k2
∆
(
L(+)1 − L
(−)
1
) (
L(+)2 − L
(−)
2
)
, (56)
where
∆ =
(
1 + ikL(+)1
) (
1 + ikL(−)1
) (
1 + ikL(+)2
)
×
(
1 + ikL(−)2
)
−
(
1 + k2L(+)1 L
(−)
1
)
×
(
1 + k2L(+)2 L
(−)
2
)
e2ika. (57)
Then, the transmission probability T is calculated as
T2 = |D|2 =
k4
(
L(+)1 − L
(−)
1
)2 (
L(+)2 − L
(−)
2
)2
|∆|2
. (58)
If L(+)1 = L
(−)
1 or L
(+)
2 = L
(−)
2 , then the transmission probability
completely vanishes in the same way as the case of a single
point interaction.
3.2. Conditions for resonant transmission
We investigate the conditions for perfect transmission. From
the inequality T2 ≤ 1, we obtain
(M11 sin ka + M12 cos ka)2
+ (M21 sin ka + M22 cos ka)2 ≥ 0, (59)
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Figure 4: Functions in the resonance condition (77) for L(+)1 + L
(−)
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1 > 0. Here, we adopt a = 1.0, L
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1 = −1.0 and L
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zontal axis denotes the wave number k. Perfect transmission occurs at the points
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where
M11 = 2
(
1 − k4L(+)1 L
(−)
1 L
(+)
2 L
(−)
2
)
, (60)
M12 = −kL(+)1 − kL
(−)
1 − kL
(+)
2 − kL
(−)
2
−k3L(+)1 L
(−)
1 L
(+)
2 − k
3L(+)1 L
(−)
1 L
(−)
2
−k3L(+)1 L
(+)
2 L
(−)
2 − k
3L(−)1 L
(+)
2 L
(−)
2 , (61)
M21 = kL(+)1 + kL
(−)
1 − kL
(+)
2 − kL
(−)
2
−k3L(+)1 L
(−)
1 L
(+)
2 − k
3L(+)1 L
(−)
1 L
(−)
2
+k3L(+)1 L
(+)
2 L
(−)
2 + k
3L(−)1 L
(+)
2 L
(−)
2 , (62)
M22 = −2
(
k2L(+)1 L
(−)
1 − k
2L(+)2 L
(−)
2
)
. (63)
Thus, we derive the following conditions for the perfect trans-
mission, i.e., T2 = 1,
M11 sin ka + M12 cos ka = 0, (64)
M21 sin ka + M22 cos ka = 0. (65)
These equations with respect to k have solutions if and only if
det
(
M11 M12
M21 M22
)
= 0. (66)
Note that when this equation holds, Eqs. (64) and (65) give one
independent equation. The condition (66) is expressed as
αk4 + 2βk2 + γ = 0, (67)
where
α =
(
L(+)1 − L
(−)
1
)2 (
L(+)2 L
(−)
2
)2
−
(
L(+)2 − L
(−)
2
)2 (
L(+)1 L
(−)
1
)2
, (68)
β =
(
L(+)1 − L
(−)
1
)2
L(+)2 L
(−)
2 −
(
L(+)2 − L
(−)
2
)2
×L(+)1 L
(−)
1 , (69)
γ =
(
L(+)1 − L
(−)
1
)2
−
(
L(+)2 − L
(−)
2
)2
. (70)
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Figure 5: Functions in the resonance condition (77) for L(+)1 + L
(−)
1 > 0 and
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1 < 0. Here, we adopt a = 1.0, L
(+)
1 = 5.0 and L
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zontal axis denotes the wave number k. Perfect transmission occurs at the points
of intersection between the solid (red) curves and the dashed (blue) curves.
When all of the coefficients in Eq. (67) vanish, i.e.,
α = β = γ = 0, (71)
Eq. (66) is identically satisfied, independent of the value of k.
Equation (71) gives
L(+)1 L
(−)
1 = L
(+)
2 L
(−)
2 , (72)(
L(+)1
)2
+
(
L(−)1
)2
=
(
L(+)2
)2
+
(
L(−)2
)2
, (73)
which leads to the relations(
L(+)2
L(−)2
)
= ±
(
L(+)1
L(−)1
)
, or
(
L(+)2
L(−)2
)
= ±
(
L(−)1
L(+)1
)
. (74)
Therefore, when the relations (74) hold, the necessary and suf-
ficient condition (66) is identically satisfied. Then, we can gen-
erally obtain solutions for the perfect transmission by solving
Eq. (64) or (65).
We investigate all the cases in Eq. (74) in the following.
(i) The cases of
(
L(+)2 , L
(−)
2
)
=
(
L(+)1 , L
(−)
1
)
or
(
L(−)1 , L
(+)
1
)
. From
Eq. (64) or (65), we derive(
1 + k2L(+)1 L
(−)
1
) {(
1 − k2L(+)1 L
(−)
1
)
sin ka
−k
(
L(+)1 + L
(−)
1
)
cos ka
}
= 0. (75)
If L(+)1 L
(−)
1 < 0, then we find a solution
k =
√
−
1
L(+)1 L
(−)
1
. (76)
This result is the same as in the case of a single point interac-
tion. We can also find an infinite number of solutions for perfect
transmission through the condition derived from Eq. (75),
tan ka = f (k), (77)
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Figure 6: Functions in the resonance condition (77) for L(+)1 + L
(−)
1 < 0 and
L(+)1 L
(−)
1 < 0. Here, we adopt a = 1.0, L
(+)
1 = −5.0 and L
(−)
1 = 0.5. The hori-
zontal axis denotes the wave number k. Perfect transmission occurs at the points
of intersection between the solid (red) curves and the dashed (blue) curves.
where
f (k) :=
k
(
L(+)1 + L
(−)
1
)
1 − k2L(+)1 L
(−)
1
. (78)
The behavior of the function f (k) depends on the signs of
L(+)1 + L
(−)
1 and L
(+)
1 L
(−)
1 . Representative examples in each cases
are shown in Figs. 3–6, In these figures, we plot the curves of
the functions on the both sides in Eq. (77). At the points of in-
tersection between the solid (red) curves and the dashed (blue)
curves, perfect transmission occurs. Consequently, we can find
an infinite number of solutions for perfect transmission.
(ii) The cases of
(
L(+)2 , L
(−)
2
)
=
(
−L(+)1 ,−L
(−)
1
)
or(
−L(−)1 ,−L
(+)
1
)
. From Eq. (64) and (65), we have(
1 − k2L(+)1 L
(−)
1
) (
1 + k2L(+)1 L
(−)
1
)
sin ka = 0. (79)
k
(
L(+)1 + L
(−)
1
) (
1 + k2L(+)1 L
(−)
1
)
sin ka = 0. (80)
If L(+)1 +L
(−)
1 = 0, we have L
(+)
1 L
(−)
1 < 0 and
(
1 − k2L(+)1 L
(−)
1
)
> 0.
Thus, from Eq. (79), we derive(
1 + k2L(+)1 L
(−)
1
)
sin ka = 0. (81)
If L(+)1 + L
(−)
1 , 0, then we derive Eq. (81) again from Eq. (80).
It follows that if L(+)1 L
(−)
1 < 0, we find the solution (76) again.
We also find an infinite number of solutions from the condition
sin ka = 0. (82)
This leads to the solutions
k = npi
a
(n = 1, 2, 3, · · ·) . (83)
for perfect transmission.
We show representative examples of the transmission proba-
bility as a function of k for the above cases in Figs. 7 and 8. In
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Figure 7: The transmission probability for double barriers is shown as a func-
tion of k by the solid (red) curve, when L(+)1 = L
(+)
2 = 1.0 and L
(−)
1 = L
(−)
2 = 0.5.
Here, we adopt a = 1.0. The perfect transmission (T2 = 1) occurs when the
condition tan ka = f (k) is satisfied. The transmission probability for the single
barrier with L(+)1 and L
(−)
1 is also shown by the dashed (blue) curve.
these figures, we show the transmission probability for double
barriers by the solid (red) curves. We also show the transmis-
sion probability for a single barrier by the dashed (blue) curves
for comparison. In Fig. 7, we adopt a = 1.0, L(+)1 = L
(+)
2 = 1.0
and L(−)1 = L
(−)
2 = 0.5, while in Fig. 8, we adopt a = 1.0,
L(+)1 = −L
(+)
2 = 2.0 and L
(−)
1 = −L
(−)
2 = −1.0. In these cases,
we can confirm the periodic resonant peaks, at which perfect
transmission occurs. Furthermore, we find that the peak width
decreases as k increases. In particular, when L(+)1 = −L
(+)
2 and
L(−)1 = −L
(−)
2 , the transmission probability T2 can be expanded
around a peak as
T2(k) ≃ 1 −
(
k − kn
w
)2
+ · · · , (84)
where kn = npi/a and
w =
kn
(
L(+)1 − L
(−)
1
)
2a
(
1 + k2nL
(+)
1 L
(−)
1
) √T1 (kn, L(+)1 , L(−)1 ) (85)
Here, T1 is given by Eq. (46). The peak width is roughly given
by w. Therefore, the peak width is proportional to the square
root of the transmission probability for a single barrier and de-
creases as kn increases. Similar feature could be found also in
the case of L(+)1 = L
(+)
2 and L
(−)
1 = L
(−)
2 .
Let us reconsider the results of Eq. (74) concretely from
the view point of potential functions. For example, when we
assume a delta function potential at x = − a2 , i.e., V(x) =
− ~
2
mL(+)1
δ(x + a2 ), which is given by L(+)1 , 0 and L(−)1 = 0, an
infinite number of resonant peaks appear in the following four
cases:
(I)
(
L(+)2 , L
(−)
2
)
=
(
L(+)1 , 0
)
,
(II)
(
L(+)2 , L
(−)
2
)
=
(
−L(+)1 , 0
)
,
(III)
(
L(+)2 , L
(−)
2
)
=
(
0, L(+)1
)
,
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Figure 8: The transmission probability for double barriers is shown as a func-
tion of k by the solid (red) curve, when L(+)1 = −L
(+)
2 = 2.0 and L
(−)
1 = −L
(−)
2 =
−1.0. Here, we adopt a = 1.0. The first peak appears at k =
√
−1/(L(+)1 L
(−)
1 ),
while the other peaks appear at k = npi/a. The transmission probability for the
single barrier with L(+)1 and L
(−)
1 is also shown by the dashed (blue) curve.
(IV)
(
L(+)2 , L
(−)
2
)
=
(
0,−L(+)1
)
.
The cases (I) and (II) correspond to the potentials − ~2
mL(+)1
δ(x −
a
2 ) and ~
2
mL(+)1
δ(x − a2 ), respectively. These might be predictable
consequences. However, the last two cases (III) and (IV) would
be unexpected results.
Finally, it should be noticed that even if Eq. (71) does not
hold, the positive solution k satisfying the condition (66) or (67)
may exist when the solution of Eq. (67)
k2 =
−
(
L(+)2 − L
(−)
2
)
±
(
L(+)1 − L
(−)
1
)
L(+)1 L
(−)
1
(
L(+)2 − L
(−)
2
)
− L(+)2 L
(−)
2
(
L(+)1 − L
(−)
1
) (86)
is positive. In this case, Eq. (64) and (65) could be satisfied
for a specific value of a. Then, the perfect transmission would
occur incidentally in this case.
4. Concluding remarks
We have considered the scattering of a quantum particle by
two independent, successive parity-invariant point interactions
in one dimension. The parameter space is given by the direct
product of two tori and described by four parameters L(+)1 , L
(−)
1 ,
L(+)2 and L
(−)
2 . By considering incident plane wave, we derived
the formula for the transmission probability without any as-
sumptions about the parameter space. Based on the formula, we
investigated the conditions for the parameter space under which
the perfect resonant transmission occur. Finally, we found the
resonance conditions, which are the main results in this paper,
to be given by the symmetric and anti-symmetric relations (74)
between the parameters
In this paper, we restricted our attention to the parity-
invariant point interactions. When we relax this assumption, the
7
parameter space becomes larger, i.e., U(2) ⊗ U(2). This exten-
sion will be discussed elsewhere [63]. Furthermore, the prop-
erties of resonant transmission through N independent multiple
point interactions would be future works.
Finally, it should be noted that the analysis of our physical
systems from the viewpoint of the S matrix on the complex
k-plane would also be important future works. From this ap-
proach, we could discuss quasi-stationary or resonance states
which appear between the two potential barriers, and its life-
time. The authors of [64, 65] investigated the poles of S matrix
in the system of a double delta barrier potential. Our physical
systems in the present paper give the extension of their system.
Therefore, the analysis based on the S matrix would give us a
deep understanding of the physical processes.
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